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OPTIMIZATION OF OBSERVATIONS: A STOCHASTIC CONTROL
APPROACH*

BORIS M. MILLER! AND WOLFGANG J. RUNGGALDIER!

Abstract. We study a stochastic control problem for the optimization of observations in a
partially observable stochastic system. Using a method of discontinuous time transformation, we
associate with the original problem with unbounded controls a problem that has bounded controls.
This latter problem allows us to construct nearly optimal nonanticipative Lipschitz Markov controls
with finite observation power for the original problem. Since the controlled observation equation
may degenerate, we also derive a corresponding filtering result and show a separation property of
the optimal controls.
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Introduction. The most common way to formulate a control problem is to let
the control affect only the evolution of the state while possible partial observations of
the state are supposed to be continuously available.

Many practical situations, however, lead to the possibility that the observations
also can be controlled in a way that affects both their timing as well as their quality.
This then leads to a control problem where one tries to choose the control in a way to
maximize the information content of the observations regarding the state while at the
same time also taking into account a possible penalization of the control effort. Since
the information content of the observations can be measured by the state estimation
covariance, maximization of the information content can be obtained by minimizing
this estimation covariance.

Problems of optimization of observations were mainly studied in the East (see,
e.g., [1], [2], [9], [11]); a first study in the West appears in [4]. In a stochastic context
only the linear case has been studied so far. More precisely, in [9] the authors consider
the following linear model:

(Ola) dl]‘t = Q¢ dt + bt dwt(l),
(Olb) dyt = At (ut)xt dt + Bt dw§2)7

where u; is the observation control and (wgl)) and (wt@)) are independent standard
Wiener processes. In this linear case the estimation covariance v does not depend on
the observations and so the optimal control becomes a deterministic time function.
The purpose of this paper is an attempt to extend the investigations to the non-
linear case. As a first step in this direction we consider a model related to (0.1), where
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the coefficients depend on an unknown parameter and the observation noise is more
realistically considered as an endogenous noise induced by the observations them-
selves; the observation power is restricted to be finite at all times with bounded total
observation energy. Contrary to the linear case, the observation covariance here de-
pends on the observations and the control problem itself becomes a stochastic control
problem.

The structure of the paper is as follows: in section 1 we present our control
model and study the associated filter problem which, due to the possibility that the
(controlled) observation equation may degenerate, cannot be approached directly by
standard techniques. In section 2 we then formulate the full control problem and show
a separation property, namely, that among the optimal controls there is one depending
on the observations through the filter values. This control problem is a nonstandard
nonlinear problem with finite but unbounded controls. In section 3, using a stochastic
version of the so-called method of discontinuous time transformation (see [10] for a
deterministic context), we therefore derive an auxiliary problem with bounded controls
and study the relationship between the original and the auxiliary control problems.
While the auxiliary problem can be shown to admit an optimal solution, for the
original problem there may not exist an optimal nonanticipative solution. On the
other hand, the auxiliary problem gives also the possibility to derive a nearly optimal
nonanticipative Lipschitz Markov (feedback) control for the original problem. Finally,
in the concluding remarks we recall some of the delicate points of our approach.

1. The model and the associated filter process.

1.1. The model. On a given finite time interval [0, T] consider a partially ob-
served process (x¢,y:) that satisfies the following linear system, parametrized by an
unknown parameter 6 and with a control in the observations:

t t
(1.1a) Ty =T+ / as(0)zs ds +/ bs(0) dw'V,
0 0

t
(1.1b) Yt :/ As(0)zs dvg + 1.
0

In this system, where for simplicity of presentation we consider all processes to be
scalar valued, (wil)) is a standard Wiener process with respect to a given filtration
(F) with Fy D F} := o{ys, s < t}; g is Fo-measurable with distribution N'(mg, o9)
and independent of (wgl)). The observation control process (v;) is an F/-adapted
absolutely continuous and almost surely (a.s.) nondecreasing process with vg = 0
that thus has almost everywhere (a.e.) a derivative u; = ¥; that we assume satisfies
the restrictions

(1.2a) 0<u <400 (finite observation power),

T
(1.2b) / updt = vp < M < +00 (finite observation energy).
0

The additive observation disturbance consists of an endogenously induced noise, due
to the observation itself and represented by the (conditionally) Gaussian F}-martingale
(nt), whose quadratic variation satisfies the compatibility condition

(1.3) (n)e = B*v, (B #0)
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and is independent of (wt(l)) and . Although other reasonable models could possibly
be posited, in this first approach to the control of the observations in the nonlinear
stochastic case we assume a compatibility condition in the form of (1.3), which im-
plicitly states that drift and noise in the observation equation are both linear in the
control (see the ensuing equivalent representation of model (1.1) in (1.6) below). By
considering more complex situations, the control may enter the diffusion term in a
nonmultiplicative way so that the absolute continuity of the drift with respect to the
quadratic variation of the noise in the observation equation may be lost with ensuing
additional problems for the filter. Note also that we may let the constant B in (1.3) be
substituted by a time function By; dividing the observations by the (known) function
B, then reduces this more general case to the one treated here.

As a consequence of (1.3), there exists an F;-standard Wiener process (w§2)),
(1)
i)

independent of (w and xg, so that the following representation holds:

t
(1.4) =B [ (W) .
0

For this representation (1.4) and analogous ones later, as is usually done we implicitly
assume that, where necessary, the underlying probability space is sufficiently enlarged
to support all required Wiener processes. (For an explicit construction of such an
enlargement see, e.g., section 1.4.4 in [5].)

The dependence of u; on the observation history implies that (1.1b) is actually
an equation in (y;). To ensure that (1.1b) is well defined, we shall thus assume that
uz as a function of the observation history y§ := {y,, s < t} is such that it satisfies a
Lipschitz property in the sense that for a nondecreasing and right continuous function
K(t), 0 < K(t) <1, and some nonnegative constants Ly, Ly we have for all ¢ > 0

t
(1.5) e () — e (G) |2 < Lo / e — Ga 2K () + Loy — nl?.
0

Furthermore, taking the Bayesian point of view, the unknown parameter 6 is con-
sidered an Fy-measurable random variable, independent of zg, (w§1>), and (n;) and
taking a finite number of possible values 6° (i = 1,...,k) with prior probabilities
p; = P(0 = 6%). Finally, a;(0),b:(6), and A;(6) are continuous and bounded functions
of ¢ for all 6.

In the setting just described, system (1.1) can equivalently be represented as

(1.6a) dzy = as(0)z dt + by (0) dw!®,
(1.6b) dys = A+(0)zrur dt + B - (ut)l/det@), Yo = 0,
(1.6¢) o =0.

Remark 1.1. Since the value of u; corresponds to the power applied to the obser-
vation of the signal z;, conditions (1.2) imply that we require this power to be finite
at each ¢ with bounded total observation energy, which indeed corresponds to the
actual physical situation. The fact that the additive observation noise in (1.1b), or
equivalently in (1.6b), is given by an endogenously generated noise due to the obser-
vation itself justifies the assumption of a compatibility condition such as (1.3). The
Gaussian assumption for this noise can be justified for those cases when the power uy,
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applied for observing x;, is sufficiently large; take, e.g., an optical noise that is Poisson
with intensity proportional to the power of the observation so that for large values of
this power it can be approximated by a Gaussian. In a sense, the observation noise in
(1.1b) or (1.6b) is thus a minimum-level noise, to which some independent exogenous
Gaussian noise could possibly be added as well. Note finally that the observation
inaccuracy is due not only to the additive observation noise but also to the averaging
of the signal x; as implied by the first term on the right of the observation equation
(1.1b) or (1.6b). The averaging due to the choice of v; (equivalently of u;) thus affects
both the timing and the quality of the observations: in the limit, when the observa-
tion power tends to infinity, u; tends to a é-function thus determining only the timing
of the observations with no averaging of the signal. Note also that the observation
power may tend to infinity, while the total observation energy remains still bounded
by M.

Before going on to describe the full control problem, we study the filter process
associated with the given partially observed control model.

1.2. The filter process. For i =1,...,k consider

(1.72) mi = Bla| 71,0,
(1.7b) = Bl(a —my)?| FYL 0,
(1.7¢) m = P{0 = 0| F/},

and let the “filter process” X; be given by the following set of triplets:
(1.8) Xy = {m}, v, itk

The main purposes of this subsection are to derive a stochastic differential equation
for X; and to show that, under the assumptions of subsection 1.1, it has a unique
solution. We point out that these results will not simply be a direct application of
known filtering results since, due to the possibility that u; may be equal to zero on
intervals of positive length, the observation equation may degenerate. The main result
of this section is the following theorem.

THEOREM 1.2. The filter process (X:) in (1.8) satisfies, for a given control vy
(equivalently uy) and i = 1,...k,

(1.9a) dmj = a,(6")mjdt + B™>A(6" )] [dye — A¢(0")midvy], mf = mo = E(xq),

(1.9b)  dyi = 2a,(0%)vidt + b2 (0")dt — B~2[A(0")y])?dvs, v = o0 = Cov(zg),

k
(1.9¢) dr} =7} | Ad(0")mj = >l Af(67)mi | B2d&, ) = pi,
Jj=1
where
(1.10) & = / dys — > T AL(67)midv,
0

Jj=1
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is an F} -conditionally Gaussian martingale with quadratic variation

(L.11) (€)e = ve(yp)-

Furthermore, the system (1.9) can be represented in compact form as
(112) dXt = Ft (Xt)dt + Bt (Xt)utdt + Gt (Xt)u,}/zdwix

for suitable functions F, B, and G related to the coefficients in (1.9) and where (w;X)
is an Fy-standard Wiener process. Finally, for any given control (vi) or (ut), the
solution of (1.9) (or (1.12)) is unique.

To prove this theorem (the proof will be given below) we shall need an inter-
mediate result for an auxiliary filtering problem that will allow us to cope with the
possible degeneracy of the original (controlled) filtering model. To derive the auxiliary
problem we use an absolutely continuous time transformation. More precisely, for a
given control v; (recall that vy = 0) let

t
(1.13) Ty = +/ I{s:vs =0} ds,
0

which is an F}-adapted absolutely continuous process with strictly positive derivative
and satisfying I'r < M + T (see (1.2)). On the interval [0,T'7] it admits thus the
inverse function

(1.14) vs =inf{r:T; > s} =inf{r: T, = s},
which satisfies 0 < v, < T and is absolutely continuous with

1 1
== = — - > 0.
Lt ji=v. (0 + I{t: 0y = 0})\t:us

(1.15) v,

Furthermore, for each s € [0,7], vs is an F/-stopping time and, as a process, (V)
is adapted to FY = o{y, : 0 < 7 < v,}. Consider now the time-transformed
observation process

(1.16) s = Yu.»
which by (1.1) satisfies
(1.17) dys = A, (8)z, dv,, +dn,,.

Note that (7,,) is a continuous, F/ —conditionally Gaussian martingale with quadratic
variation (n),, = B?v,_ such that

d B%p
—{(n),. = Y = B?I{s: v, .
(v, = 5T =y = B £0)

(1.18)

The process (7,,) may thus degenerate and so, using a regularization procedure, we
define

(1.19) s := Ny, + B/ I{r:v, =0}dw,,
0
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where (w;) is an F;-standard Wiener process, independent of (wil)) and (n;). This
process (7)) is thus a conditionally Gaussian martingale with respect to 7Y = FY,
that has continuous trajectories and nondegenerate quadratic variation

(i)s = (). + B [ 1450, = 0}ar
(1.20) 0

:32/ I{T:@VT#O}dT+Bz/ H{r:%, =0}dr = Bs.
0 0

§1)), in what follows we shall consider an F;-Wiener

process (wf)), independent of (wgl))7 and represent (7js) as 7s = Bw?. On the

other hand, since for the process (w,(,l)) we have (w1), = v,, we may also consider

an F,-standard Wiener process (wg”), independent of (1172-2)), and obtain (w,(,?) as

Since (7)5) is independent of (w

(1.21) wit) = / (o) 2d .
0

Defining finally for s < T'r (see (1.15))

ay, (0)

(1.22a) as(0) == RSO —— ay, (0) s,
(1.22b) bs(0) := by, (6),
(1.22¢) A (0) = Av, (0) b j1=v, = A, (0) I{s: v, #0},

(60 + I{t : 0 = 0})

|[t=vs

consider on [0, T + M] the process-pair (Zs, ;) defined, for 0 < s < T'r, by

(1.23a) dis = s(0)Tsds + bs(0) () 2dw'Y, 7o = 0,
(1.23b) dijs = Ay(0)Zds + Bdw®, o =0,
(1.23c) do =0

and by putting dzs = dgs = df = 0 for I'r < s < T+ M. Note that from the foregoing
we immediately have

(1.24) Ts =Ty,

(1.25) Us = / H{r: 0y, # 0} dj,

0
so that g, defined in (1.16) is FY-measurable and therefore
(1.26) Fy =FICFL.
Analogously to (1.7) now consider

(1.27a) mk = E{is| FY,0'},
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(1.27b) 3= B{(&, — m})?| F1,0),

(1.27¢) 7l = P{0 = 0'| FU}.

We have the following proposition.
PROPOSITION 1.3. The process X5 := {mi, 4., 7' }i1, .k satisfies on [0,T] (for
a given control)

(1.28a)  dinl = a,(0)mids + B~2A,(0")3! [dis — As(0")mids], 1l =mi = my,

(1.28b) d7E = 2a,(0°)7ids + b2(0) eds — B2 [A(0))31)%ds, 7 = 700,
. . ~ . . k .o~ . . ~ . .
(1.28¢) dil = al | A0yl = Y #A(09)md | B7dE,, 7 =mh=pi,
=1
where
s k ~
(1.29) & .f/ dy, — Y #A(07)ildr
0 j=1

Remark 1.4. From (1.22¢) and (1.25) we have

(1.30) [ sz = [ a0t

(1.31) /A (6% 'deny/ A, (097 dy,

so that, besides being FY-adapted, the process X, in Proposition 1.3 can also be
considered FY-adapted. Since

(1.32) E{&,|F7} = E{E {2,|F7,0} |FI} Z LR

it thus follows that (see (1.26))
(1.33) E{&,|FV} = E{E{&,|FI}|FV} = E{3,|F!}.

Proof of Proposition 1.3. Note that the partially observed system (Zs, §s) defined
in (1.23) is nondegenerate and corresponds to the so-called “conditionally Gaussian”
case. For the first two sets of components in (1.28) we may thus make use of Theorem
12.1 in [8], whose assumptions can easily be seen to be satisfied; in fact (see (1.22a))

T+M T+M
/0 G (0)| I{s : s < Dp}ds = /0 lay, (0)| s I{s : s < Dr}ds
(1.34)

T
:/ las(0)|ds < +oo,
0
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and analogously (see (1.22c))

T+M T+M
/ AE(G) I{s:s<Tr}ds= / AE (0) I{s:s <Tr}dv,,
0 0
(1.35) .,
= / A2(0)dv, < +o0.
0

Furthermore, the function by(0) is continuous and (7;)/2 is integrable.

For the components (7¢) in (1.28) we make use of the general (innovations form)
nonlinear filtering equation of Theorem 8.1 in [8], putting, for a generic i < k and all
t>0,

(1.36) he = he(0) :=I1{6 = 6'}.

The assumptions of Theorem 8.1 in [8] are satisfied, and equation (8.10) in [8] with
H = D = 0 then leads to

it = B2 [ws (1{9 - 92‘}213(9)5;8) — . (I{0 = 0'}) 7, (As(o)gzs)]
(1.37)
X [dzjs — Ty (AS(G)i‘S) ds} ,
where 74(Z) := E(Z|F?). Noting now that
- (1{9 - ei}fxs(e):zs)
(1.38)
=E {E {1{9 = 07} A,(0)7,| 77, 9} |f§} = A, (0")ymi 7

and analogously
(1.39) m (A0)z.) = Y- A8l 7L,
j=1

it follows that (1.37) is exactly (1.28¢c). We are now in a position to come to the proof
of Theorem 1.2.
Proof of Theorem 1.2. Note first that, by (1.16), (1.24), and (1.33),

(1.40) mi=E {ip(tﬂfﬁ(t),ei} —E {jp(tﬂfﬁ(t),ei} — 1ty
Analogously,
From (1.40) and (1.28a) we obtain
(1.42)
, A , I o re o o
i = by =+ [ au@)mids+ B [ A0 g A0 ).
0 0

We now evaluate the integrals in this last expression, namely (see (1.22) and (1.16)
with (1.25)),

T'(t) ] ) T'(t) ) ) t ) ]
(1.43) / as(0")m; ds = / a,, (0")m vsds = / ar (0" )ym; dr,
0 0 0
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INCOI o ) .
/ A6V [dijs — A6t ds]
0

T'(t) o ) )
_ / Ay (65 [Ay, (8)by, s ds + dipy, — Ay, (6% )i, Dyi? ds]
(1.44) 0

t
= / A (O [A(0) ey dvy + dne — AL (07)mE du,]
0
= / A (0)e [dy — A (0")m. dv,].
0
Substituting (1.43) and (1.44) into (1.42) we obtain (1.9a). The remaining equations
for (v}) and (7}) in (1.9) follow analogously.
Coming to the statement of Theorem 1.2 concerning the process (£;) note that,

according to Theorem 7.12 in [8], the process (g;) defined in (1.23) admits the repre-
sentation

S S k
(1.45) gsz/ E{AT(G)@\}?} dT+1D8:/ > A(07) i F dr + b,
0 0 =1

where () is an FY-standard Wiener process and the second equality follows from
(1.39). As a consequence

s k
(1.46) Wy = / djs — > A (07)ml7] dr
0

Jj=1

On the other hand, from the definition of (&) in (1.10) and from (1.16), (1.15), (1.22),
and (1.25), it then follows that

t k
& = / dys — ZAS(W) mind dvg
0 =1
T(t) ko ‘ o
- / dys — > A, (07) 7] I{s : b, # 0}ds
(1.47) ’ i=1

I(t) ko o
= / I{s:0,, #0} |dys — Z A, (07)min ds
0 Jj=1

I(t)
:/ I{s: v, #0}dws,
0
from which
r'(t) ()
(1.48) (&) = / I{s:v,, #0}ds = / dvy, = vyp,, = ().
0 0
It follows that there exists an F;-Wiener process (wy) such that

(1.49) ¢, = uy*dw?.



OPTIMIZATION OF OBSERVATIONS 1039

On the other hand, the driving random process in (1.9a) can, using (1.10) and (1.49),
be expressed as

[dy:— At(ﬁi)m,’;dvt]

k k
= |dy: — Z 7 Ay (0 )ymIdv, | + Z m Ay(09Ym] — A, (0")ymi | dv,
j=1

Jj=1

(1.50)

k
uimdwf + ZW{At(Hj)m{ — A(0YYm | wdt.
j=1

Equation (1.12) now follows from (1.9), thus concluding the first part of the proof of
the theorem.

Concerning the uniqueness, we start from the equation (1.9b) for (v}). Its solution
is uniformly bounded, implying the local Lipschitzianity (with integrable Lipschitz
constant) of the right-hand side in (1.9b). Coming to (1.9a) for (m}), its uniqueness
follows from the linearity in m! of the right-hand side. Finally concerning the equation
for (m}), consider the auxiliary process (mj,, ), where

(1.51) t, := inf{t : max|mi| =n} AT,

for which it is easily seen that t,, T T. Due to the linearity of its right-hand side, the
equation for (7}, ) now admits a unique solution that coincides with (m}) for ¢ < t,.
If, besides (m}), there is also a solution (7}), then m,, = #},, so that, by t, T T
and the continuity of 7¢, it follows that 7! = # Vt € [0, T).

2. The control problem.

2.1. Formulation of the control problem. The purpose of the control prob-
lem is to choose the control v;, or equivalently w;, in (1.1) to maximize the information
content of the observations regarding the state. This information content can be mea-
sured by the precision of the estimation of z; on the basis of the observation history
yé = {ys; 0 < s < ¢}, which is given by the inverse of the conditional estimation
covariance

L 2
v = Cov(z| FY) =F (ajt - Z ’/szé) | 7Y
i=1

= mi (v + (my)?) - (Z wzmz) :
=1 =1

The control objective can therefore be seen as minimizing ; for each ¢. More gen-
erally, taking into consideration also a possible penalization of the control effort, we
shall consider as control objective the minimization of the following (finite-horizon)
functional:

(2.2) J(u)=E {/0 L (ve) + fH (ve)ue] dt + ¢°(7T)} :
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where f0, !, and ¢¥ are continuous functions of polynomial growth in 7. Note that
the filter components v{ and 7} are uniformly bounded; on the other hand, by (1.10),
equation (1.9a) can (see also the proof of Theorem 1. 2) be rewritten as

(2.3) o
dmj = a(0*) m; dt

k
+ BT2A(0); | Y A0 — Ay (09)ymi | wpdt + BT2A,(0")vidé;,
Jj=1

from which it follows that, for a given control u;, m! possesses uniformly bounded
moments of all orders. By (2.1) and the polynomial growth property of f°, we thus
have the existence of the expectation

(2.4)

E{f{ ()} = E{BE{f) (w)|F/'}}

=E} f} Zﬂt + (my)?) — (Zﬂ—tmt> = E{F)(X:)},

with X; as in (1.8). Analogously, for the remaining two terms in (2.2) we have

(2-5) E {ftl(%)ut} =LK {Ftl(Xt) Ut} ,

(2.6) E{¢*(vr)} = E{2°(X1)}.

From (2.4)—(2.6), which implicitly define the functions F°, F'', and ®°, we have that
the criterion function in (2.2) is well defined for any control (u;) satisfying (1.2) and
that J(u) can equivalently be represented as

T
(2.7) J'(u) = E{/0 [FP(Xy) + FH (X )ue dt+<I>°(XT)}

for suitable functions F°, F!, and ®° that inherit the polynomial growth property of
fO, 1, and ¢ (the prime distinguishing the representation (2.3) from that in (2.2)).

2.2. The separation property. So far the admissible controls were assumed
to be F{-adapted. In line with stochastic control under partial state observation one
may investigate whether among the possible F}-adapted optimal controls there is one
that is F;X- adapted, namely, a function of the observations through the filter values.
This is in fact so, and for this purpose consider the two classes of controls

(2.8)
Lo :={u:uis F/-adapted, is Lipschitz in the sense of (1.5), and satisfies (1.2)},

(2.9) Ly :={u € Ly : u; is in particular F;X-adapted}.

Given these two classes of controls and recalling (2.2) and (2.7), we have the following
separation theorem, which allows us to consider, instead of the original control system
(1.1) with admissible controls in £y and criterion functional J(u) according to (2.2),
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the equivalent problem for the filter system (1.12), admissible controls in £;, and
criterion functional J'(u) (see (2.7).

THEOREM 2.1. Let g = Cov(xg) > 0 and f}(y;) > 0. Then the strong principle
of separation holds, namely,

2.1 inf J'(u) = inf .
(2.10) uléllllj(u) nf J(u)

Proof. Since L1 C Ly, we immediately have

(2.11) inf J'(u) > inf J(u),

u€Ly u€Lo

so we need to show only the opposite inequality. For this purpose, defining

(2.12) Ny = {t ssup [4,(6")] = 0} )
i<k

consider the subclasses of controls

(2.13a) Lo={u€Ly:u, =0 for te Na},

(2.13b) Li={u€Lli:u,=0 for te Na}.
For u € L let

(2.14) Uy :=us I{t ¢ Na} € Lo,

and we have

(2.15) J(@) < J(u).

Analogously for v € £;. In fact, it is easily seen from (1.9) that u(-) and @(-) generate
the same process X; = {mi,’y},ﬂi}izl while due to the nonnegativity of f}(v)
and of u, one has

’
sk

T T
(2.16) [ fiomar< [ fiGua,
0 0
It follows that
2.17 inf J(u) < inf J(u),
(2.17) Jnf (w) < inf J{u)

and, since £y C Lo, we have

(2.18) inf J(u)= inf J(u)
u€Lg u€Lo

and, analogously,

2.19 inf J'(u) = inf J'(u).
(2.19) Juf J(u) = jnf J(u)

Now let u denote a control with u; = 0 for ¢ € Ny; in particular, we may think of
u € Ly. Corresponding to any such given control 4, the o-algebra FY generated by
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ys for 0 < s < t is contained in that F;* generated by X, = {mé,’yi,ﬂ';}i:l . for

0 < s < t. In fact, since 79 > 0, passing to its inverse, we have from (19b) that
~¢ > 0 for all ¢ € [0, T]. Furthermore, on the complement of N4 there exists at least
one value of i € {1,...,k} for which A;(0%)v; # 0; consequently, taking into account
the continuity of A;(0%)7}, one can choose a measurable function i(¢) with values in

{1,...,k} so that
(2.20) A7) 20 for te Ny,

where N Aﬁdenotes thp complement of N. This set N4 can then be represented in
the form N4 = UF_| N;, where

(2.21) Ny={t:i(t)=1i}, i=1,...,k,
with A;(0%)7f # 0 for t € N;, and we have
(2.22) I{t¢ Na}=> I{t¢ N;}.

Recalling then that @; = 0 for t € N4, for the observation process we have

t k t
(2.23) w= [ Hs¢ Naydn = [ 1{s¢ M.
0 = Jo
On the other hand, from (1.9a) we obtain
t
| B,
(2.24) 0 ) )
= / (dm — as(0")ym!. ds) +/ B72A2(0")yi m s ds.
0 0

Multiplying the integrands by (B’2As(9i)7§)+l{s ¢ N;}, where (-)* denotes the
generalized inverse, it follows that

[t ¢ Ny = [ (5240000 1s ¢ N} [dm — (0" k]
225 ° 0

t
+ / I{s ¢ N;}A,(0") m! u, ds,

0

from which, taking (2.23) into account, we obtain for y; the following representation:
w=3 / Is ¢ Ni} {(B2A.(0) " [dm}, — a,(6%)mids]
(2.26) i=1 70
+ Ay (0 m! g ds} .

This representation shows that, given a control @ with @; = 0 for ¢ € N4, the process

(yt) is also ft)(—adapted and so FY C ftx. As a consequence, we have that Lo C £;
so that by (2.18) and (2.19)

(2.27) inf J'(u) = inf J'(u) < inf J(u) = inf J(u),
u€L ueLy u€Ly u€Lo

which is the desired opposite inequality.
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3. The auxiliary control problem and nearly optimal Lipschitz Markov
controls. Our original control problem now consists of controlling the filter process

Xt = {miy’vf,ﬂf}izl,...,k

evolving according to (1.12) in order to minimize (see (2.7))

(3.1) J(u)=E {/OT [FtO(Xt) + Ftl(Xt)Ut] dt + (IDO(XT)} :

As follows from Theorem 2.1, we may limit ourselves to considering controls from the
class £; so that they satisfy also the constraints (1.2), i.e.,

T
(3.2) / udt < M < 400, 0<u <+o0.
0

It is a nonlinear control problem with unbounded controls, so an optimal solution
may not exist. Using the so-called method of discontinuous time transformation (see
[10] in a deterministic context, where it is used for the representation of generalized—
in particular, discontinuous—solutions in problems with impulse control) next we
transform this original problem into an auxiliary problem with bounded controls for
which an optimal solution can be shown to exist.

3.1. Method of discontinuous time transformation. To describe the method,
let u € £ and consider similarly to section 1.2 the function

t
(3.3) I, ::t+/ Usds =t + vy
0

as well as its inverse
(3.4) ve =T ' =inf{r: T, > s},

which is an fy)f—adapted process defined on [0, 7], where, due to (3.2), It < T+ M.
Furthermore, it is absolutely continuous since, for any s1, s with s1 < s, we have

(3.5) 0<vs, —vs, < 82— 81,

so it is almost everywhere differentiable on [0, I'y] with derivative (see (3.3))

(3.6) s = {f‘t}il = (1 +u)l,,,

lt=v,
which is .7-"VX -adapted and satisfies
(3.7) 0<vs <1
Then considering the process-pair
(3.8) Zs:=X,_, s i= Uy,

where (see section 1.1)

¢
(3.9) vt:/ urdr,
0

we have the following lemma.
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LEMMA 3.1. Let the process (Xy) satisfy (1.12) for some u € L1. Then there
exists an F,_-Wiener process (w?) such that the process-triple (Zs, jis,vs) satisfies,
for s € [0,T'7],

dZs = asF, (Zs)ds + (1 — as) B, (Zs)ds

(3.10a)
+ (1-@5)1/2GVS(ZS)CZ’IUSZ, ZQ :)(07
(3.10b) dps = (1 —as)ds, po =0,
.10c vy = agds, vy =0,
(3.10c) d d 0

where the functions F, B, and G are as in (1.12), the control « is given by
(3.11) s = Vs,

and it is FZ-adapted and satisfies 0 < ag < 1. Furthermore, the solution of (3.10) is
unique.
Proof. By (3.7) we have 0 < oy < 1. By (1.12) the process Z; = X, _ satisfies

(3.12) Z,=X,, :XO+/ ‘ Ft(Xt)dt+/ ‘ Bt(Xt)utdtnL/ Go(X)ul PdwX.
0 0 0

Taking into account the identities
(3.13) v, =t, Ty, =s

valid for ¢t € [0,T] and s € [0,T'r], we derive next a representation for the integrals in
the right-hand side of (3.12), namely, performing the change of variables ¢t = v,

Vs Iy, s
(3.14) / Fi(Xy)dt = / F, (X, )dv, = / F, (X, )a.dr,
0 0 0
Vg Vs Uy
B (X, dt = Bi(X;)———(1 dt
/0 (X )uy /0 o ( t)1+ut( + ue)
I, 1
(3.15) = / By, (Xy,) (1- dr,,
0 1 + Ut |t:uT

- / By.(X,.) (1 - as)dr,

r

(3.16) / Go(Xp)u P dw) = SGVT(X,T)ufdwﬁi :
0

0
The process w;' is an F;\ -adapted, conditionally Gaussian martingale with continu-

ous trajectories and quadratic variation

(3.17) (w™),. =v, :/ oy du.
0
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There exists therefore an F,,_ -Wiener process wZ such that

(3.18) wii :/OT(a(u))l/def.

Substituting (3.18) into (3.16) we then obtain (see also (3.6) and (3.11))

Ve s 1/2
X 1/2 X:/ 5 X}/ ul"r Z
/O Guxu Pl = [ G (1)

(3.19) .
=/ Gy (X,.) (1 — ar)2dw?.
0

Using (3.14), (3.15), and (3.19) in (3.12) we obtain (3.10a) for Z,;. Analogously, for
the process us we obtain

Vs Iy,
s :/ ugdt :/ Uy dv,
0 0

:/ Uy, dT:/ (1—OLT)d’T.
o L4+u, 0

The uniqueness of a strong solution of (3.10) follows analogously to that of system
(1.12) (see Theorem 1.2).

Next we shall establish a relationship converse to Lemma 3.1. Therefore consider
(3.10) as a system controlled by a process as that is FZ-adapted and satisfies 0 <
as <1 for 0 <s< S, where S is an FZ*-stopping time given by

(3.20)

(3.21) S:=8,NS8,,
with

(3.22a) Sy i=1inf{s: v, =T},
(3.22b) S, :=inf{s: p, = M}.

By the fact that (see (3.10)) vs + pus = s, we have S < T + M.

Define A as the class of FZ-adapted controls a satisfying o, € (0,1] for s € [0, S]
and where, if S = S),, we extend its definition, letting a; = 1 for S;, < s < T + M.
We then have the following lemma.

LEMMA 3.2. Given (3.10), let o € A. Then, putting Ty := inf{s : vs > t},
there exists an fé’”—adapted control (uy) satisfying (1.2) (see also (3.2)) and an fFZt’”-
Wiener process (wX) such that, for t < T, the processes

(323) Xt = ZF“ V¢ '= U1,
satisfy (1.12) with vy = fot urdr. The control (uy) is furthermore given by
(3.24) w=T—1=ap' -1

z X
and .7'}{’“ =F".
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Proof. From its definition in (3.24), the control u, is trivially fé’“—adapted and
satisfies (1.2a). Furthermore, under the assumptions of the lemma, we have

t t t
1—
o / urdr = / (ail - 1) dr = / ar, dr
0 0 0 ar,

¢ r,
:/(1—a1‘7)dr7—:/ (I1-ag)ds=pur, <M
0 0

so that (1.2b) also is satisfied and v = pr,. It remains to show that X; = Zr, satisfies
(1.12). For this purpose note that, based on (3.14) and (3.15) as well as (3.24), we
may write

T, t
(3.25) / Fus(Zs)asdsz/ F-(Zr,)dr,
0 0

I

(3.26) By.(Z,) (1 — o) ds — /t B.(Zr.) u, dr,
0 0

and, finally, based on (3.19)

I, t u 1/2
G (2 (-0 Paut = [ 6oz (F) aok,
0

I+u,
(3.27) 0 t tu
— [ Gtz au,
0
where (see also (3.18) and (3.24))
t de
3.28 Y= —
( ) Wy /(; (1 I uT)1/2
is a continuous }'FZt # = FXU-martingale with quadratic variation
todr
X T
= = t
W= [ 5=t

and therefore an ]—}X "Y_Wiener process.

The results obtained in the two lemmas above allow us to consider, instead of the
original controlled system (1.12) with unbounded controls, the system (3.10) where
the controls are bounded. We are now going to define more precisely the control
problem corresponding to this latter system, which we shall call the auziliary control
problem.

3.2. The auxiliary control problem. This auxiliary problem concerns the
controlled system (Zs, us, vs) satisfying (3.10) with controls from an enlarged class
Ay consisting of the controls in A (defined in Lemma 3.2), where we also allow the
value a5 = 0, i.e.,

(3.29) Ag:={ae A|0<a, <1}.

This enlargement of the class of controls guarantees, as we shall see, the existence
of an optimal solution for the auxiliary problem. On the other hand, through the
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correspondence (3.24), this is equivalent to allowing unbounded controls in the original
problem.
As a cost functional to be minimized we consider

S
(3.30) J(a)=F {/O [ F) (Zs) + (1 — o) F) (Zs)] ds+ égs(zs)} ,

where S is the FZ#-stopping time defined in (3.21) and (3.22), F* and F* are as in
(3.1) or (2.7), and the terminal cost function is given by

0(Z) if S =3,

(3.31) 3)(2) = {q,owT(M )+ [T FO(s(v, 2))ds if S = 5,

with 14(v, Z) being the solution on [v, T] of the deterministic equation

(3.32) the = Fu(ts),

having initial condition ¢, (v, Z) = Z. F is as in (1.12) (see also (3.10a)), and F°, F'1,
and ®° are the same as in J'(u) (see (3.1) or (2.7)).

Remark 3.3. The function v, (v, Z) satisfies ¥, (v, Z) = Z, is continuous in all
variables, and has linear growth with respect to Z, since the function Fy(X) is con-
tinuous and Lipschitz in X for each s.

3.3. Relationship between the original and auxiliary problems. In this
section we will show the correspondence existing between the cost functionals J'(u)
in (3.1) and J(«) in (3.30). We have in fact the following proposition.

PROPOSITION 3.4. If u € Ly is given and o is according to (3.11) and (3.6), or
a € Ais given, S = S, and u is according to (3.24), then

(3.33) J'(u) = J(a).

When a € A but S = S, so that vg < T, then (3.33) continues to hold with u
according to (3.24) if (see the definition of the class A before Lemma 3.2) one puts
as=1for S, <s<T+ M.

Proof. For the first part of the statement note the following: given a control u € £
and letting (see (3.11)) as = o, then since (see (3.8) and (3.9)) s = [;” ur dr and
u € L4 satisfies (3.2), we have S = S, = I'p with I'(-) as in (3.3) or, equivalently, as
in the statement of Lemma 3.2. As a consequence we have

(3.34) vsg = T, Zg = XT7

and, by considerations analogous to those leading to (3.14) and (3.15), we then obtain

(3.35) /T FX(X,)dt = /S F) (Zs) as ds,
(3.36) /T FNXy) ug dt = /S F) (Zs) (1 — ay)ds.

On the other hand, given a control a € A, if S = S, the same relations (3.34)—
(3.36) hold. Combining these considerations with Lemmas 3.1 and 3.2 we obtain the
first part of the proposition. The second part follows immediately, taking (3.31) into
account.
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Remark 3.5. The previous equivalence considerations are valid for a € A, i.e.,
such that as > 0. For the purpose of obtaining existence of an optimal solution for the
auxiliary problem, we shall allow also controls in Ay (see (3.29)) so that a, might be
equal to zero on some subintervals of [0,.S]. Correspondingly, on these subintervals,
vs will be constant implying that its inverse I'y = inf{s : v; > ¢t} jumps. Consequently
also Xy = Zr, and v¢ = pr, will jump and can therefore not be a solution of (1.12) for
any measurable control. In other words, while the auxiliary control problem admits
an optimal solution, there may not exist a corresponding optimal solution for the
original problem. We shall therefore determine nearly optimal (e-optimal) solutions
for the original problem.

Letting

(3.37) Al = {a € Ay : oy = a;(Z;, it a Lipschitz function}

and, analogously, for A", we first prove the following.
PROPOSITION 3.6. For any control a € A there exists a sequence of controls
ok e AL obtained as
K 1 k

(3.38) =T T o™

where s € [0,5] if S =S, and s € [0,T + M] if S = S, such that

(3.39) [Jim. J(aF) = J(a).

Proof. Given a € A}, let S be the corresponding stopping time defined according
to (3.21) and (3.22). Define the sequence o € AL as in (3.38). Also let

(3.40) Sk = Sh A Sy,

where S* and Sfj are defined according to (3.22) with v = v* and p = ¥ that corre-
spond to ¥ via (3.10). The sequence a*
to a.

Let us first show that the sequence S* converges for all w to S. In fact, since
a’s" > a and

is monotonically decreasing and converges

k+1 Kk _ (as = 1) <
G TS T G k2

for the stopping times S¥ = inf {s vk = f; akdr = T}, we have
(3.41) Sk < sl <5,
and analogously for S% =inf {s: ¥ = [7(1 - ak)dr = M} we get
(3.42) Sy < St < Sk

We can now prove that limg_o, S¥ = S,. From (3.41) the limit of S¥ exists and,
denoting it by S,, we have S, < S,. By the uniform convergence of o to a we have
that Vf converges to v, uniformly on compact subintervals of [0, S, |, where, we recall,
S, <T+ M. In addition

l/ilél,j =T, vg =T.

v
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Let us determine the value of vg . From

Vsk — VS',, = V*]éb — l/Sff =+ VSE — l/gy7

v

the uniform convergence of Vf to vs, and the continuity of v, it follows that

(3.43) vg, = lim vi, =T.

k—oo

Now suppose that S, < S, for some w; then (3.43) contradicts the definition of
S, as the stopping time according to (3.22), and consequently limg .., S¥ = S,.
Analogously we obtain limy . S§ = S, and finally

Jim S = lim (87 ASy) =S, NS, =5

Consider next the sequence (Z%), with Z* obtained as solutions of (3.10) correspond-

ing to @ = of. For each given N > 0 determine the sequence of stopping times
ON+* = min{S, Sk 7N 7Nk} k =1,2,..., where

(3.44a) ™ =inf{s: ||Zs|| = N},

(3.44b) NP = inf{s: || Z¥|| = N}.

The properties of the coefficients in the right-hand side of (3.10) guarantee that the
trajectories of Z¥ are a.s. continuous so that, for any o € A¥ and any k,

(3.45) ™, VF 1 o0 a.s. as N — oo.

Consider next the sequences of processes Z on v as well as Z, g~k By the continuity
and the local Lipschitzianity with respect to Z of the functions in the right-hand side
of (3.10) as well the uniform convergence of Vf — v, and of af — a4 on compact
subsets of [0,.S,], we obtain

sup EH Zf/\gzv,k - Z7-/\9N,)c||2
T<SAONE

(3.46) o
<O / sup E || ZE, gnn — Zopgnor|2du 4 Cocy,
0

T<u

where limg_, o £x = 0. Applying the Gronwall-Bellman inequality to (3.45) we get
forall s < §

(3.47) lim sup E||ZF-Z|?=0.

k=00 1 <sngN K

Together with k now also let N 1 oo; then 8V* — S a.s., implying that for all s < S
we have the convergence in £? of Z¥ to Z, and, by the continuity of Z* in s = S, also
of ng to Zg.

This convergence in turn implies the convergence in probability of Z¥ to Z for all
s € [0, 5] as well as that of ng to Zg. In addition we have the uniform integrability
of Z¥ on Q x [0,T + M] and of Zlg,k. on 2 since, by the linear growth in Z of the
functions in the right-hand side of (3.10), we have for p > 1

T+M
(3.48) / E||Z¥|Pds < L < 0o, E||ZE|PP <L < o0.
0
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As a consequence, and due to the polynomial growth in Z of the functions F°, F!, and
®°, we may pass to the limit in (3.30), thus concluding the proof of the proposition.
Combining the result of Proposition 3.6 with that of Proposition 3.4 we immedi-
ately obtain the following corollary.
COROLLARY 3.7. For any control a € Ak there exists a sequence of Lipschitz
Markov (feedback) controls uf = uf(Xy,vy) satisfying (1.2) such that

(3.49) Jim J(W*) = J(a).

Proof. From (3.38) we immediately have that, if oy = a;(Z;, ue) with ()
Lipschitz, a* also is Lipschitz. Recall next that the u* corresponding to o is defined
by (3.24) and (see Lemma 3.2) satisfies (1.2). Using the relationship (3.23) as well
as the fact that o® > p%k’ for such a u* we then have uf = uF(X;,v;) with uf(")
Lipschitz. The result then follows by combining the previous considerations with
Proposition 3.4.

3.4. Nearly optimal Lipschitz Markov controls. In this section we study
first the existence of an optimal solution for the auxiliary control problem in the
class Ay as well as the existence of a nearly optimal Lipschitz Markov control for the
original problem. We then return to the relationship between the original and the
auxiliary control problems, showing the usefulness of the auxiliary problem to obtain
a nearly optimal Lipschitz Markov control in the original problem.

For the first part we have the following theorem.

THEOREM 3.8. In the class Agy there exists an optimal control for the auxiliary
problem, and it is of the Markov (feedback) type

(3.50) a? =27, ).

Furthermore, for any € > 0 there exists a Lipschitz Markov control o%¢(Z,, s) € Ao
such that

(3.51) J(@%) = inf J(a) > J(a®¢) —«.
acAg

Proof. Concerning the existence of an optimal solution in Ay note first that, under
our assumptions, the set

[ aF+(1-a)B, 1-a, a, (l—a)GGT}
(3.52) K(v,2) {aFO +(1—a)F! o
is, for all (v,Z), bounded, closed, and convex. This allows us to apply known re-
sults on the existence of optimal controls—in particular, Theorem 5.15 in [3]—since
the functions F, B,GGT, FO and F! satisfy the growth conditions required in that
theorem and the admissible control set A4y is not empty. More precisely, according
to Theorem 5.15 in [3] we have that in the auxiliary problem there exists an optimal
control in the class Ap and it is furthermore of the Markov (feedback) type, namely,
as in (3.50). The existence of a Lipschitz Markov control can be obtained by using,
e.g., results in [7] (see also [6]).

Before coming to the main result of the second part of this section, for later
convenience we state the following lemma, whose proof can be obtained via a trun-
cation argument analogous to that used in the proof of Theorem 2.1 concerning the
uniqueness of the solution of (1.9).
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LEMMA 3.9. Any Lipschitz Markov control uy = us(X¢,vt) belongs to the class
L1; in particular, as a function of y& it is Lipschitz in the sense of (1.5).

THEOREM 3.10. The following equality holds between the optimal values of the
original and the auziliary control problems

(3.53) inf J(u)= inf J'(u) = inf J(«a)

u€Ly u€Ly ac Akl

with A% as defined in (3.37).

Furthermore, given an e-optimal control of € AL, let k be so large that for the
control u°, obtained via (3.24) from a Lipschitz control o< € AL that in turn is
obtained from af via (3.38), we have

(3.54) J'(uh€) < J(af) +e.

Then u* belongs to £1 and is a 4e-optimal Lipschitz Markov control for the original
problem.

Proof. The first equality in (3.53) follows from Theorem 2.1. For the second
equality note first that, letting u® be an e-optimal control in £y, o be the corre-
sponding control in Ag obtained according to (3.11) and (3.6), and o and ¢ be
the optimal and nearly optimal controls of Theorem 3.8 and using Proposition 3.4 we
obtain

inf J'(u) > J'(u°) —e = J(af) —e > inf J(a)—
Jnf (u) > J'(u®) —¢ (%) ez inf () — ¢

= J(% —e>J(a%) —2e > inf J(a)— 2e.
ac Al

(3.55)

On the other hand let a® € A} be e-optimal. Starting from this af, construct the
Lipschitz control a®¢ € A according to (3.38), and let u** be the corresponding
Lipschitz Markov control obtained according to (3.24). Then, using Corollary 3.7
and the fact that (see Lemma 3.9) if u)"® = u}*(X,, v,) is Lipschitz as a function of

(Xt,v¢), then it is also in £y, we have for k sufficiently large

(3.56) inf J(a) > J(a) —e>J ) -2 > inf J'(u)— 2.
acAf u€Lly

Combining (3.55) with (3.56) one obtains

: inf J’' 2¢ > inf > inf J'(u) -2
(3.57) nf J'(u) + 2 > c«lenAg J(a) > nf J'(u) — 2e,

from which, due to the arbitrariness of ¢ > 0, the second equality in (3.53) follows.
From (3.55) and (3.56) one also obtains

(3.58) J (ube) < inf J'(u) + 4e,
ueLly

i.e., the 4e-optimality of u*=.

Concluding remarks. From Theorem 3.10 we have that the optimal value
inf,er, J(u) of the original control problem can be determined by solving the aux-
iliary problem. However, as mentioned in Remark 3.5, while the auxiliary problem
admits an optimal control, there may not exists a control for the original problem for
which the optimal value is achieved. There are essentially two reasons for this:
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- The filter process X; corresponding to the optimal solution of the auxiliary
problem may jump, so it can be represented as solution of (1.12) only if we
allow the control also to have infinite power.

- Even if we allow infinite control power, the representation of the possible jumps
of the filter process by means of (1.22) may require anticipative impulse controls.

In fact, due to the linearity in the control a of the Hamilton-Jacobi-Bellman
equation of the auxiliary control problem, there will be intervals on which the optimal
control ! for this latter problem will be either zero or one.

If o2 = 1, for the corresponding control u? of the original problem, obtained from
a via (3.24), we have u? = 0, and this motivated the extended study of the filter
problem in section 1.2.

If, however, a2 = 0 on some interval [s1, s2], the corresponding ¥ (see (3.10c))
is constant, implying a jump for the inverse function I'Y = inf{s : 0 > ¢}. Since
(see Lemma 3.2) X; = Zr,, vy = ur,, this then implies that X; and v; also jump and
can therefore be a solution of (1.12) only if we allow controls u; with infinite power.
This implies an impulse control for the original problem at the moment ¢t; = v,,,
leading (see (1.1b)) to a discrete observation with intensity (see the relation vy = up,

in (3.23)) Avy, = sy — s1. Since sy is F2V = ft)i’v—measurable, this Av;, cannot be

52
determined on the basis of the observations up tlo time ty; i.e., the control would be
anticipative.

Our approach, based on the search of a nearly optimal control, avoids this prob-
lem. In fact, the control u®* € L£; obtained according to Theorem 3.10 (namely,
obtained via (3.24) from a nearly optimal control ¢ of the auxiliary problem that
belongs to AY and thus satisfies o > 0) has finite power, is ff’”—measurable,
and allows us to approximate arbitrarily closely the optimal value inf,er, J(u) =
inf,er, J'(u) of the objective function of the original problem.
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